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2019 BPhO Qns and Solutions

Short Qn

The BepiColumbo mission to Mercury launched in October 2018 is only the second satellite
destined to enter an orbit around Mercury, 6 years afier launch in 2024. Given that, at their
closest, Mercury and Mars are approximately equidistant from the Earth, explain why a
mission to put a satellite in orbit around Mercury requires significantly more energy
expenditure than a similar mission to Mars.

(BM- ) )Answer

Looking for following points:

1) In order to orbit a planet it is necessary to achieve an appropriate velocity, firstly to d
match the speed of the planet's own orbit around the sun and then secondly to stay /
in orbit about the planet.

2} Launching to Mars is “uphill” so the satellite needs to be provided with sufficient
energy to gain the GPE needed and the KE on arrival. }

3) Earth’s orbit is faster than Mars’s so there is no need to catch up with Mars, hence

KE needed on arrival is minimal.
4) Going to Mercury is “downhill” so apparently free but the GPE lost will end up as KE, /
leaving the satellite travelling too fast. Hence fuel must be burned to slow down the
craft, lest it fall info the Sun.
5) Mercury's gravitational field is relatively weak compared to the sun, so a lot of
slowing is needed. Also Mercury’s orbit is faster than Earth’s so some boost is

needed to catch it up.

6) (Main point) GPE varies as 1/r so change in GPE going from Earth up to Mars is \/
much less than change from Earth to Mercury.

If point 6 is not appreciated, marks must be very limited. [IZ(J

Two masgesg, m, afe m i chata gle a
to the body of the i aboxe thejpivgtpoint. Initially we shall a,ls(mv of

the toy to be of zero mass.



When the ball is tapped, the flow of air out through the hole is small.
The small increase in pressure is enough to cause some lunes to bulge outwards.
Since this is @ more stable state, generally the more lunes will expand outwards than be pushed

inwards by tapping. (‘ )

The lunes are more stable when they are concave outwards than inwards. I‘é
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Answer
e
\ B h2
F L a+blf g “‘“*J;;;b '
| m\T LTS u %,
f‘!'m )

a

h, = h cos(b) -1 cos(a+b) = h cos(b) - | cos(a)cos(b) + | sin(a)sib(b) / /

h, = h cos(b) -l cos(a-b) = h cos(b) - | cos{a)cos(b) - | sin(a)sib{b) \/

U = mg(h, + h,) = 2mgh cos(b) - 2mgl cos(b)cos(a) = 2mg cos(b) (h-l cos(a))
-
=qUldb = -2mg sin(b) (h - | cos(a)) 1/

This is zero for b = 0,180,360... (0, m, 2m...)

Firstly only values in the domain 0-359 are physically valid as one rotation brings the system /
back to 0. This leaves 0 and 180. 0 fits with the diagram as drawn. b=180 also works

mathematically so the only reasons to reject would be either to consider stability a little

further {e.g. as in part ¢ or by asserting that a small displacement from the equilibrium will / [3}
result in the toy toppling, so it is not stable) or to compare to the diagram where we are

clearly requiring the masses to he drawn below the horizontal, not above.

S -

lf d?U/db? must be positive as this implies the energy function is a minimum wrt b rather than
a maximum, and hence the toy is stable as displacement would require it spontaneously to

move “uphill”

i) d?U/db? = -2mg cos(b) (h-1 cos(a)) /

For this to be positive with b=0, (h - | cos(a)) must be negative /

l.e. I cos(a) > h

But | cos(a) is the vertical height of the mass below the attachment peoint and h is the vertical / [éa )
height of the pivot below the attachment point ie the condition is that the masses must be

below the pivot point. -

d)

ﬁE = 2mg cos(b) (h-l cos(a)} = A cos (b} where A = 2mg(h-l cos (a)) is constant l/
Using small angle approx cos (b) = 1-b%2 so GPE = A(1-x%/2h?} using the approximation for v~
b —_—
For the KE we need to find the speed of @each mass, which is (| sin{a}) db/dt = | sin(a) z/h /
again using the approximation for b and (I sin(a)} as the radial distance of the masses from
the pivot point (ie using v = rw). Hence KE = 2 x % m (I sin(a) z/h)? v

")



€) A mass on a spring has EPE = % kx? and KE = %2 m 2 Angular frequency is given by

square root of the ratio of the constant multiplying x and that multiplying 4. Looking at our

KE and PE eqgns for the teeter toy we similarly have a constant multiplying each of these (we

can ignore the constant energy term A in the GPE as that is just due to the choice of zero

position - for the dynamics the significant part is the changing energy) and so by analogy /
the angular frequency should be given by:

—~Afh?
W gy |
2m(lsina/k)?
The minus sign is because our GPE term is -2 A x*

g{lcosa — h) /

(Isina)?

o) =

(i)

{(after cancelling m,2, h etc). Which looks an awful lot like V 9/ fora pendulum, within
eomeitric factor or two. '

f) Addition of the Mgh term for the mass of the support changes the condition for the second
erivative to be negatiive to

2mg(h-l cos(a)) + Mgh <0

This is equivalent to the centre of mass of the system being more than h beiow the

atiachment point, ie below the point of contact.

in terms of the new oscillation frequency we have the additional GPE term Mgh cos(b) so A
is now 2mg(l cos (a) - h) + Mgh. We also have the additional KE term ¥ M2 as the centre
of mass of the toy moves with speed . Hence our expression becomes (using the square to
avoid the large square root):

2 2mg(lcosa ~ h) + Mgh

T o2mi2sin®a + Mh?

(the h? which previously cancelled throughout now does not as the KE for the body of the toy
does not contain that term).
If we write the original expression for w? as P/Q where P = 2mg(lcos(a) -h) and Q =
2m(lsin(a))? then the new expression is (P+R)/(Q+S) with R = Mgh and S = Mh?

If the new oscillation is faster we expect

(P+RY(Q+S) > PIQ
ie (5) -

PQ + RQ> PQ + PS

RQ>PS

Mgh 2m{lsin{a))? > Mh? 2mg(lcos(a) -h)
(I sin (a))* > h{l cos(a) - h)



e) A mass on a spring has EPE =% kx* and KE = % m &2 Angular frequency is given by

square root of the ratio of the constant multiplying x and that multiplying . Looking at our

KE and PE eqns for the teeter toy we similarly have a constant multiplying each of these (we

can ignore the constant energy term A in the GPE as that is just due to the choice of zero

position - for the dynamics the significant part is the changing energy) and so by analogy \/
the anguiar frequency should be given by:

" ~A/h?
~\ 2m(Isina/h)?

The minus sign is because our GPE term is -% A x2
g(lcosa—h) \/
W=
{(Isina)?

(%)

{after cancelling m,2, h etc). Which locks an awful lot like V 9/l fora pendulum, within
—_Yeometric factor or two. :

f) Addition of the Mgh term for the mass of the support changes the condition for the second
~Herivative to be negatiive to

2mg(h-i cos(a)) + Mgh <0

This is equivalent to the centre of mass of the system being more than h below the

attachment point, ie below the point of contact.

In terms of the new oscillation frequency we have the additional GPE term Mgh cos(b) so A
is now 2mg(l cos (a) - h) + Mgh. We also have the additional KE term % Mz2 as the centre
of mass of the toy moves with speed &. Hence our expression becomes (using the square to
avoid the large square root):

s 2mg(lcosa — h) + Mgh

" 2mi?sin®q + Mh?

{the h? which previously cancelled throughout now does not as the KE for the body of the toy
does not contain that term).
If we write the original expression for w? as P/Q where P = 2mag(lcos(a)-h) and Q =
2m(Isin(a))? then the new expression is (P+R)/(Q+S) with R = Mgh and S = Mh?

if the new oscillation is faster we expect

(P+RY(Q+8) > PIQ
le Csd) -

PQ + RQ> PQ + PS

RQ>PS

Mgh 2m(isin(a))? > Mh? 2mg(lcos(a) -h)
{I sin (@))? > h{l cos(a) - h)
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