
Question 1

a) This can be done in a descriptive manner. A quantitative calculation is not asked for in
the question.
The key points to look for are

• the bubbles reach a terminal velocity as they rise, so that there is no resultant force.
• the weight of the gas can be neglected
• the upthrust is proportional to the volume, 𝑈 ∝ 𝑅3

• The drag non the bubble is proportional to the area (𝑅2) and ∝ 𝑣 or 𝑣2

• and hence 𝑣 or 𝑣2 ∝ 𝑅 (so larger bubble rise faster)

[5]

b) In these explanations, the observations that are being explained should be included.

(i) Crystals have grown on the nail. As water vapour from the damp air settles in the
morning, it releases a latent heat. this is not easily conducted away by the wood,
but the nail will conduct it away and so the crystals grow on the nail. [3]

(ii) An example of crystal growth. A lot of straight lines with branches coming out. the
observation gains one or two marks, But not “theer is ice on the windscreen”. [3]
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c) 200 (peas) × 52 × 2 (twice a week) × (60 × 106)/3 (a third of the population) = 4 × 1011

An answer between 5 × 1010 and 1012 [5]

d) (i) i. A sketch showing the same current flowing from the left of 𝑅in and through 𝑅f
[51

ii.
𝑉in +

𝑉out
𝐴0

= 𝑖𝑅in

−𝑉out
𝐴0

−𝑉out = 𝑖𝑅f

[2]

iii. Eliminating i

𝑉in
𝑅in

+ 𝑉out
𝑅in𝐴0

= − 𝑉out
𝑅f𝐴0

− 𝑉out
𝑅f

𝑉out

(
1
𝑅f

+ 1
𝑅f𝐴0

+ 1
𝐴0𝑅in

)
= −𝑉in

𝑅in

For 𝐴 ≈ 105,
𝑉out
𝑉in

= 𝐴g = − 𝑅f
𝑅in

[2]

(ii) The non-inverting amplifier.
In the UK paper, there was a typo and it was stated

𝑣 =
𝑉out
𝐴0

with 𝑉in missing, instead of the correct

𝑉out = 𝐴0(𝑉in − 𝑣)

They can obtain the current 𝑖 and relate 𝑣 and 𝑉out.
But they cannot obtain the gain as 𝑉in is missing. So you will just have to make a
judgement call as to whether they are on the right track and should be given full
marks for getting close. This is allowable. There are only one or two marks for
getting the extra final part, and they may bring in 𝑉in themselves.

In the China paper, the correction was made: 𝑉out = 𝐴0(𝑉in − 𝑣)
i.

𝑖 =
𝑉out

𝑅1 + 𝑅2
and 𝑖 =

𝑣

𝑅2

[2]
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ii. Eliminate 𝑖,
𝑣 =

𝑅2𝑉out
𝑅1 + 𝑅2

Given that
𝑉out = 𝐴0(𝑉in − 𝑣)

then
𝑉out = 𝐴0

(
𝑉in −

𝑅2𝑉out
𝑅1 + 𝑅2

)
𝑉out

(
1 + 𝑅2𝐴0

𝑅1 + 𝑅2

)
= 𝐴0𝑉in

𝑉out

(
1
𝐴0

+ 𝑅2
𝑅1 + 𝑅2

)
= 𝑉in

So using 𝐴0 ≫ 1
𝑉out
𝑉in

= 𝐴g ≈
(
1 + 𝑅1

𝑅2

)
[2]

(iii) i.
𝑖 =

𝑉in
𝑅in

0 −𝑉out =
𝑄

𝐶

[2]

ii.
−𝑑𝑉out

𝑑𝑡
=

1
𝐶

𝑑𝑄

𝑑𝑡

so that
−𝑑𝑉out

𝑑𝑡
=

𝑖

𝐶

Therefore
−𝑑𝑉out

𝑑𝑡
=

𝑉in
𝑅in𝐶

If 𝑉in is constant, ∫ 𝑉out

0
𝑑𝑉out = − 𝑉in

𝑅in𝐶

∫ 𝑡

0
𝑑𝑡

𝑉out = − 𝑉in
𝑅in𝐶

𝑡

Sketch graph:

[3]
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Question 2 Energy Levels

a) (i) 𝑛𝜆 = 2𝜋𝑟 or 2𝑛.
𝜆

2
= circumference [1]

(ii) Newton II
𝑚𝑣2

𝑟
=

1
4𝜋𝜖0

𝑒2

𝑟2

energy of system

𝐸 =
1
2
𝑚𝑣2 − 1

4𝜋𝜖0

𝑒2

𝑟

= −1
2

1
4𝜋𝜖0

𝑒2

𝑟

[3]
(iii) Using

𝑛𝜆 = 2𝜋𝑟

𝑛
ℎ

𝑝
= 2𝜋𝑟

so that
𝑛
ℎ

2𝜋
= 𝑟 𝑝

Or 𝑛ℏ = 𝑟 𝑝 with the notation ℏ =
ℎ

2𝜋
[2]

(iv) Using
𝑚𝑣2

𝑟
=

1
4𝜋𝜖0

𝑒2

𝑟2

𝑝2𝑟

𝑚
=

1
4𝜋𝜖0

𝑒2

and from 𝑛ℏ = 𝑟 𝑝 we can rearrange to form
𝑛2ℏ2

𝑟
= 𝑝2𝑟

So that
𝑛2ℏ2

𝑚𝑟
=

1
4𝜋𝜖0

𝑒2

So
𝑟 =

4𝜋𝜖0𝑛
2ℏ2

𝑚𝑒2

and for 𝑛 = 1 we can calculate 𝑟

𝑟 =
ℏ2

𝑚 1
4𝜋𝜖0

𝑒2
= 0.53 × 10−10 m

𝑟 = 5.3 nm

This is a suitable value. No mark for a comment of this sort - it is to make sure you
look at your answer. [3]
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(v)

𝐸 = −1
2

1
4𝜋𝜖0

𝑒2

𝑟

and substituting for 𝑟

𝐸 = −1
2

1
4𝜋𝜖0

𝑚𝑒4

ℏ2𝑛2

But we could also take a direct approach to this 𝑛 = 1 energy level

𝑝 =
ℎ

𝜆

𝐸 = − 𝑝2

2𝑚
= − ℎ2

𝜆22𝑚
and with 𝑛 = 1 we write 𝜆 = 2𝜋𝑟

𝐸 = − ℎ2

4𝜋2𝑟22𝑚

𝐸 = − ℏ2

2𝑚𝑟2

𝐸 = −13.6 eV

[3]

b) (i) Something like this:

An isolated system, so about the CM,

𝑚1𝑟1 = 𝑚2𝑟2

and the centripetal force on each is due to electrostatic attraction between p and e,
so

𝑚1𝑟1𝜔
2 =

𝑘𝑒2

𝑎2

𝑚2𝑟2𝜔
2 =

𝑘𝑒2

𝑎2

which implies the same value of 𝜔. [2]
Using, 𝑚1𝑟1 = 𝑚2𝑟2

𝑚1
𝑚2

(𝑎 − 𝑟2) = 𝑟2

𝑚1
𝑚2

𝑎 = 𝑟2

(
1 + 𝑚1

𝑚2

)
Hence,

𝑎 = 𝑟2

(
𝑚2 + 𝑚1

𝑚1

)
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So,
𝑎 =

𝑟2𝑚2
𝜇

As a result,

𝜔2 =
1

4𝜋𝜖0

𝑒2

𝑎3
𝑚1
𝑚2

𝜇

[2]

(ii) since we have the angular momentum as 𝑟 𝑝, that is 𝑚𝑟2𝜔. So

𝑛ℏ = (𝑚1𝑟
2
1 + 𝑚2𝑟

2)𝜔

= (𝑚2𝑟2) (𝑟1 + 𝑟2)𝜔 = 𝑚1𝑟1𝑎𝜔

Then
𝑛ℏ = 𝑎𝜇 × 𝑎𝜔 = 𝑎2𝜇𝜔 = 𝜇𝑎2𝜔

As a result
(𝑛ℏ)2 =

1
4𝜋𝜖0

𝜇𝑎𝑒2

which is the same form seen earlier with 𝑚 replaced by 𝜇 and 𝑟 replaced by 𝑎 Hence

𝐸 = −1
2

1
4𝜋𝜖0

𝜇𝑒4

ℏ2𝑛2

For the hydrogen atom, 𝜇 ≈ 𝑚e so that the 𝑛 = 1 level remains at −13.6 eV and the
𝑛 = 2 level is −3.4 eV.
For tritium the energy levels differ by only about 0.02%,

[2]
since (this detail is not required)

𝑚e − 𝜇

𝑚e
= 1 − 𝜇

𝑚e

= 1 −
𝑚e3𝑚p

𝑚e(𝑚e + 3𝑚p)

= 1 −
𝑚e3𝑚p

(𝑚e + 3𝑚p)

= 1 − ���3𝑚p

�
��3𝑚p

(
1 + 𝑚e

3𝑚p

)
≈ 1 −

(
1 − 𝑚e

3𝑚p

)
=

𝑚e
3𝑚p

≈ 1
6000

(iii) Since 𝜇 < 𝑚e then the energy levels are of a smaller magnitude,

𝜇 =
𝑚e3𝑚p

𝑚e + 3𝑚p

=
𝑚e���3𝑚p

���3𝑚p

(
1 + 𝑚e

3𝑚p

)
≈ 𝑚e

(
1 − 𝑚e

3𝑚p

)
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and so they are closer together for tritium and hence a lower frequency photon will
cause a transition and thus a longer wavelength for tritium. Conversely, hydrogen
would absorb a shorter wavelength. Comment required, not a guess.

[2]

Question 3 Balloons

a) Balloons

[]

7



8


