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1. A uniform block of mass 10 kg is released at rest from the top of an incline of length 10 m and inclination
30°. The coefficients of static and kinetic friction between the incline and the block are ps = 0.15 and
i, = 0.1. The end of the incline is connected to a frictionless horizontal surface. After a long time, how
much energy is dissipated due to friction?

Solution

Because mgsin 6 is greater than the maximal static friction, the block will slide down the incline
after release. The friction is kinetic friction. The block started with gravitational potential energy,
mgh = 10 - 10 - 5, which is enough for the block to slide all the way down the incline. Thus the
distance over which friction does work is the length of the incline.

Wisiction = pmg cos 0L = 0.1 x 100 x %2 x 10 = 87 J.

2. Three cubical blocks of the same volume are made out of wood, styrofoam, and plastic. When the plastic
block is placed in water, half of its volume is submerged. If the wooden block is placed in water with
the plastic block on top, the wooden block is just fully submerged. Similarly, if the styrofoam block is
placed in oil with the plastic block on top, the styrofoam block is just fully submerged. The density of
oil is 0.7 times that of the water. What is the ratio of the density of wood to the density of styrofoam,

Pwood /pstyrofoam ?

2.5 < CORRECT

Solution

The buoyant force is Fj = pauidgVexcluded and the gravity of an object is mg = pVg. For the plastic

block,
1 1
Pwaterd §V = pplastich — Pplastic = §pwater

Similarly, for the wood+plastic case:

pplasticv + PwoodV = PwaterV — Pwood = 0.5pwater

and the styrofoam+-plastic case yields pstyrofoam = 0-2pwater- ThUs pwood/ Pstyrofoam = 2.5.
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3. Two springs of spring constants k; and ko, respectively, are connected in series and stretched, as shown
below. What is the ratio of their potential energies, Uy /Us?

k1 ko F
(A) 1
(B) ki /ks
(C) ka/k; + CORRECT
(D) (k1/k2)”
(E) (ko/k1)?
Solution

The tensions in the springs are equal, so kjx1 = koxo. The potential energy in a spring is %ka, SO

U _ klx%

the ratio is U = hpad

9 . U k kix 2 9 k'2
. We can rewrite this as 7+ = 72 | 2=+ ) , which equals —.
Us ki \ kaz2 ) 7 ky

Here is another way to think about the problem: the energy put into a spring is how much it
stretches times the force to stretch it. The force is the same for the two springs in series, so the
ratio of potential energies is the same as the ratio of how much they stretch, and that is inversely
proportional to the spring constant by definition.

4. Consider two identical masses that interact only by gravitational attraction to each other. If one mass is
fixed in place and the other is released from rest, then the two masses collide in time T'. If both masses
are released from rest, they collide in time

(A) T/4

(B) T/(2v2)

(C) T/2

(D) T/v2 + CORRECT
(E) T

Solution

Suppose that when the masses are separated by a distance r, and one mass is held fixed, the other
mass acquires a speed v from gravity. When both masses can move, they share the kinetic energy,
so both have speed v/v/2, so the relative speed is v/2v. Hence to collapse the same distance r, the
latter case will be v/2 times faster, thus the time will be 7'/ V2.
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5. The density of the Earth increases gradually from around 3 g/cm? at the crust to about 13 g/cm? at the
core. Which one of these plots could show local gravitational acceleration as a function of distance from

Earth’s center?

(A) (B)
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Solution

The gravitational acceleration is zero at the center of the Earth by symmetry, so choices (A) and
(D) are wrong. If the density is constant, the mass enclosed within a sphere of radius r grows as
3. We also know a ~ Mr~2 so a ~ r. This means choice (B) is for a constant-density planet. In
Earth, density decreases with 7, we know M grows more slowly than 73, meaning the curve of a vs
r must grow more slowly than linearly (and may decrease), so only (E) is possible.
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6. A very long cylinder of dust is spinning about its axis with angular velocity w at steady state. Let r
be the distance from the axis. If the dust is only held together by gravity, the density of the dust is
proportional to:

=

(A) r2
(B) r!
(C) the density does not depend on r. < CORRECT
(D)
)

<

)

<

T2

(E

Solution

By Gauss’s law for gravity, the gravitational acceleration at a cylindrical Gaussian surface is pro-
portional to A/r, where \ is the mass per length enclosed. The required centripetal acceleration is
a = w?r oc r. Hence we must have A oc 2, which is achieved if p does not depend on r, as in this

case A = 7r2p.

7. A trough half-filled with water is suspended from wires, as shown. The tension is initially the same in
each wire.

| |

A boat is placed in the trough directly under the left wire. It floats without touching the sides of the
trough or overflowing the water. How does the tension in the wires change as a result?

A
B

The tension is not affected in either wire.

The tension increases equally in both wires. < CORRECT

D
E

(A)

(B)

(C) The tension increases in the left wire and decreases in the right wire.

(D) The tension increases in the left wire and stays the same in the right wire.
(E)

The tension increases in the left wire and increases by a smaller amount in the right wire.

Solution

The boat doesn’t touch the wires or the trough. It only touches the water. The pressure at the
bottom of the water remains the same everywhere, whether the boat is over top or not, because if
the pressure were unequal, it would cause water to flow, but the situation is static. Therefore, the
force from the water is distributed evenly over the trough and the tension is the same in each wire.
The wires do support the boat-trough-water system, which got heavier, so the tension in the wires
increases. The answer is B.
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. A scale is calibrated so that it gives a correct reading when sitting on the ground. A person holds the
scale and presses it on both sides with their hands, pushing up on the bottom with the left hand and
pushing down on the top with the right. The scale has a mass of 5 kg, and their left hand exerts a force
of 200 N. The reading on the scale is:

Solution

If the scale is correctly calibrated, the reading indicates the normal force acting on the top of the
scale. By force balance, this is 200 — 50 = 150 N, which is displayed as 15 kg.

. A light board of length ¢ is hinged to a vertical wall. A solid ball of weight G and radius R is held
between the wall and the board by a force F' applied perpendicular at the end of the board, as shown in
the figure below. Both the wall and the board are frictionless. The angle between the board and the wall
is 60°. What is the magnitude of F'?

2
(A) 56

2
(B) TRG + CORRECT

2R
=G
V3¢
4R
—G
V30
\ER o

Solution

We balance torques on the board about the hinge. The normal force of the board on the ball
must have an upward component of G, and hence a magnitude of 2G/v/3 by basic trigonometry.
Similarly, the lever arm of this torque is v/3R. Then F¢ = 2RG, which gives F = 2RG//.

Copyright (©2019 American Association of Physics Teachers



10.

2019 F' = ma Exam B: January 25, 2019 7

A ball of mass m rolls in a bowl bolted on a cart. The bowl and cart move together and have a combined
mass M., as shown in the figure. Initially, the cart moves to the right with speed vy with respect to the
ground, while the ball is at rest with respect to the cart. The ball then slides down to the bottom of the
bowl. When it reaches the bottom of the bowl, it moves with velocity v, with respect to the cart. At
this instant, how fast is the cart moving with respect to the ground?

M.

Vo

@ ©

(B) Vo — Evb

M vy — muy,
M.+ m
M.)vo —
(py PAMIv =My ppECT
m + M,

(E) The answer depends on the coefficient of friction between the ball and bowl.

Solution

The problem can be solved using only momentum conservation, without knowing the friction be-
tween the ball and bowl. Work in the frame originally moving with the cart, where the momentum
is zero. When the ball is at the bottom of the bowl, the ball and bowl have relative velocity wvp.
This is only consistent with momentum conservation if the velocity of the bowl and ball are

m M.
— v, v,
m + M, b m—i—MCb

respectively. Transforming back to the original frame, the final velocity of the bowl is

m

vy — ——————Up.
m+ M,
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Consider a flat uniform square of mass M and side length L. Cut a circle out of the square that has a
diameter equal to the length of the side of the square, with the same center as the square. Determine
the moment of inertia of the remaining shape about an axis through the center and perpendicular to the
plane of the square.

(A) (1 - 1) ML? « CORRECT
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12. Two planets A and B have masses m4 = 2mp. They orbit a star in circular orbits of radius r4 = 3rp.
Let E; and L; be the kinetic energy and the magnitude of the angular momentum of planet i, respectively.
Which of the following is true?

(A) Ejx>FEgand Ly > Lp
(B) Ejp>FEpand Ly < Lp
C) EA<Egand Ly > Lg + CORRECT
D) EFpao< FEpand Ly < Lp
)

Epo=Fpand Lgq > Lp

(E
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A water hose is at ground level against the base of a large wall. By aiming the hose at some angle, and
squirting water at a speed v, one wets a region on the wall, as shown below. If the speed of the water
is doubled, what is the new region that can be wetted? Ignore the effect of water splashing beyond the
point of contact.

In the answer choices, the dotted line marks the initial wetted region.

initial wetted region

A

\

double height, same width double height, double width

four times heighlt, fOUI\‘ times width <—
CORRECT

double heigh:c, f0u1: times width
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14. A ball is launched at speed v at angle 8 above the horizontal toward a vertical wall a distance L away. It
bounces elastically off the wall and falls back to its launch point. What was its initial speed?

(a) Yo

® 2L

() Y

o) L

(E) anLge < CORRECT

Copyright (©2019 American Association of Physics Teachers



2019 F' = ma Exam B: January 25, 2019 12

15. A mass of M = 100 g is attached to the end of a string of length R = 2 m. A person swings the mass
overhead such that their hand traverses a circle of radius » = 3 cm at angular velocity w = 10 rad/s,
ahead of the mass M by an angle of /2. Estimate the force of air resistance on the object.

Copyright (©2019 American Association of Physics Teachers



2019 F' = ma Exam B: January 25, 2019 13

The following information applies to 16 and 17.

A hoop of radius r is launched to the right at initial speed vy at ground-level. As it is launched, it is also
spun counterclockwise at angular velocity 3vg/r. The coefficient of kinetic friction between the ground
and the hoop is .

16. How long does it take the hoop to return to its starting position?

Vo

209

2
B) 2 + CORRECT
1293

HEVo
©
HEVo
D
(D) p
2 kv
E
(E) P

Solution

As long as the hoop is slipping against the ground, there is a constant leftward force of F' =
urN = pmg acting on the hoop. Thus, the hoop undergoes uniformly-accelerated motion while it
is slipping.

We can find the time 1" after which the hoop stops slipping;:

v(T) = rw(T) = vo — pgT = r(—3vo/r + ugT'/r)

Rearranging, T' = 271}5'
Alternatively, we can observe that there are no net torque on the hoop about a fixed point on the
ground, and therefore the angular momentum is conserved:

mugr 4 (mr?)(=3v /1) = (mr? + mr2)(vf/r),
which gives
Vf = —00.
Since the hoop was uniformly accelerated up to this point, the position of the hoop must be the

same as when it started. So T is the desired time, and thus the solution is T' = %1.

17. Would the answer to the previous question, namely the amount of time to return to the starting position,
be the same for a uniform disk with the same coefficient of friction launched with the same initial
conditions?

A
B

(A) Yes.
(B)
(C) No, because the disk never returns to its starting position.
(D)
)

No, because the torque due to friction is larger for the hoop.

D) No, because the disk stops slipping too soon. < CORRECT

(E) There is not enough information to decide.
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Solution
. . 1/2 2 2 . . . . . .
In this case, [ = -/=r* < mr=, so the equation for the time before the disk stops slipping is:
v(T) = rw(T) = vo — pgT = r(—3vo/r + 2ugT/r),

SoT = %, and v(T') = —%. Thus, the disk stops slipping before returning to its starting position.

18. in the time for a car to complete a race. The car begins with an initial speed vy and maintains a constant
acceleration a throughout the race. Both vy and a have independent uncertainties of 10%. Which
contributes greater uncertainty to your estimate of the time for the car to complete the race?

(A) The uncertainty in vy for sufficiently short races and the uncertainty in a for sufficiently long

races. +— CORRECT

e uncertainty in vg for sufficiently long races an e uncertainty in a for sufficiently shor
B) Th tainty i fi fficiently 1 d th tainty i fi fficiently short
races.

(C) The uncertainty in vy.
(D) The uncertainty in a.
(E) They contribute equally in the uncertainty.

Solution

at
The average speed during the race is vg + EX where t is the time for completion of the race.

2
The total uncertainty is oy = (/02 + (UQE) . The more important uncertainty is whichever is

t
larger between o,, and o,—. For sufficiently short races, at < vy and the car does not accelerate

appreciably, so uncertainty in the acceleration is unimportant. For sufficiently long races, at > vg
and uncertainty in the initial speed is unimportant.
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A physical pendulum consists of a mass on one end of a massless rigid rod that can pivot about the
opposite end. Assuming the oscillations have an amplitude of 90°, which of the following graphs best
shows the total acceleration of the mass as a function of the angular position €, measured between the
pendulum and the vertical direction?
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+— CORRECT
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A block on a ramp is given an initial velocity vy upward along the ramp. It slides upward for a time ¢,,
traveling some distance, and then slides downward for a time t4 until it returns to its original position.
What is t4 in terms of ¢,?

The height of the incline is 0.6 times its length and the coefficient of kinetic friction between the block
and the incline is 0.5.

(A) to/5

(B) to/V5

(C) V5tg + CORRECT
(D) 2t

(E) 5to
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An empty freight car on a level railroad track has a mass M. A chute above the freight car opens and
grain falls down into the car at a rate of r, measured in kilograms per second. The grain falls a vertical
distance h before hitting the bed of the freight car without bouncing up. How much normal force is
exerted on the freight car from the rails at a time ¢ after the grain begins to hit the bed of the car?
Assume the grain starts from rest.

(A)

(B) Mg +rygh
(C) Mg+ ry2h
(D) Mg+ rv/gh+rtg

(E) Mg+ ry2gh+rtg + CORRECT

Solution

The (upward) normal force on the freight car must equal the total downward forces experienced by
the freight car. The freight car experiences three downward forces:

e The freight car’s own weight:
Fycar = Mg.

e The weight of the grain accumulating in the freight car. The grain accumulates at a (mass)
rate r, so after a time ¢t the car contains a total grain mass rt. Thus the total weight of the
grain after time t is

Fy grain = Ttg.
e The force from absorbing the momentum of the falling grain when the grain lands on the cart.
Over some time interval At, an amount of grain with mass Am = rAt falls onto the cart. The

grain falls from a height A, so it lands on the cart with speed v = \/2gh. Thus the grain carries
a momentum

Ap = Amuv = rAty/2gh.

Thus the rate at which the momentum is delivered to the cart, or the force experienced by the
cart, is
Ap rAt\/Qg \/—

Fcollision - E -

Thus the normal force, which equals the total downward force on the cart, is

Fg,car + Fg,grain + Fcollision — Mg =F Ttg aF TV 29h
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The bruise threshold for a fruit is the largest height it can be dropped from rest without bruising. The
bruise threshold of a 0.2 kg apple on steel is 10 cm. Suppose that it always takes 0.1 seconds after impact
for the apple to fully stop and that 4 cm? of the apple comes into contact with the surface during the
impact. What minimum average pressure is required to cause the apple to bruise?

(A) 67Pa
(B) 210Pa
(C) 7100 Pa + CORRECT
(D)
)

D) 23000 Pa
(E) 67000 Pa
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23. A train travels at 360 km/hr on an almost straight track. The track is slightly sinusoidal, with a vertical
amplitude of h over a 1 km distance, as shown in the figure. If the maximum tolerable vertical acceleration
of the train is set at 0.1 m/s?, what is the maximum allowable size of h?

m /DY
360K

« - - -

1km
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24. A uniform rope of length L and mass M passes over a frictionless pulley, and hangs with both ends at
equal heights. If one end is pulled down a distance x and the rope is released, the acceleration of that
end at this instant will be:

(A) zg/4AL

(B) zg/3L

(C) xg/2L

(D) zg/L

(E) 22g/L < CORRECT

Solution

When the ends of the rope hang on the pulley at equal heights, the length of the rope is L/2 on
both sides.

If one end of the rope is pulled down a distance z, the length of rope on that side is L/2 + x, and
the remaining length of rope on the other side is L/2 — z. Thus the difference in lengths is

Al=(L/24x)— (L/2 —z) = 2z,

and thus the mass of rope on one side of the pulley exceeds the mass of rope on the other side by

an amount
Asz(%) —2M (7)),

and so the rope experiences a net force due to gravity along the “rope direction”
96
F=Amg=2Mg (Z)

and hence acceleration

a= % =2¢g (%) = 2zg/L.

25. A student makes an estimate of the acceleration due to gravity, g, by dropping a rock from a known
height i and measuring the time, ¢, it takes to hit the ground. Neglecting air resistance, which one of the
following situations will lead to the smallest value of the relative uncertainty, (Ag)/g, in the estimate?

(A) There is no uncertainty in ¢, and h has a 10% uncertainty. < CORRECT
(B) There is no uncertainty in h, and ¢ has a 10% uncertainty.

(C) Both t and h have a 5% uncertainty.

(D)

(E)

(A) and (B) yield the same uncertainty, which is smaller than in (C).
(A), (B), and (C) all yield the same uncertainty.

Solution

When a rock is released from a height h, the time ¢ it takes to hit the ground is given by h = % gt
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This means that the acceleration due to gravity is estimated using the equation

2h
g = 2 (1)

Since t is squared in this expression while h appears only in the first power, uncertainty in t has
a larger effect on the estimate of g than uncertainty in h. More quantitatively, the rules for error
propagation are given in the solutions for F' = ma 2018 A. We will derive the relevant rules explicitly
below:

Consider (A), the uncertainty Ag is given by

dg
Ag =%
J ‘dh

X Ah, (2)

where dg/dh = 2/t? is the derivative of g with respect to h. Thus

2
Dividing both sides by g = 2h/t? gives
Ag Ah
P W

So a 10% uncertainty in h implies a 10% uncertainty in g.
Now look at case (B),

dg
Ag = |=2| x At 5
g’dtx : (5)

where dg/dt = 4h/t3 is the derivative of g with respect to t. Dividing both sides by g = 2h/t? gives

A At
=Yg (6)
g t
So a 10% uncertainty in ¢ implies a 20% uncertainty in g.

If both At and Ah are nonzero, then these two independent contributions to the uncertainty add
together like the sides of a right triangle:

Ag\?  [AR\? At 2
29) (22 220 7
(5) = (&) +(%) @
Inserting (Ah)/h = (At)/t = 0.05 gives (Ag)/g = 0.112, which means an 11.2% uncertainty. So we

can conclude that situation (A) produces the smallest uncertainty in (Ag)/g.

Alternatively, you can arrive at the same conclusion by exploiting:

2h
gztja
Ing=In2+Inh —2Int.
dy _dh e
g h t’
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