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1. A projectile is thrown upward with speed v. By the time its speed has decreased to v/2, it has risen a
height h. Neglecting air resistance, what is the maximum height reached by the projectile?

(a2 Bl 7 © 2 (D) 24 (E) 3h

We use the basic kinematic equation v? — v]% = 2gAy. The maximum height is v2/2g, while the height

reached by the time the speed falls to v/2 is h = (1 — 1/4)(v?/2g). Therefore, the maximum height is
4h/3.

2. A car is moving at 60 miles per hour (mph), when the driver notices an obstacle ahead. Hitting the
brakes, the driver decelerates at a constant rate, and manages to come to a stop just barely before hitting
the obstacle. If the car had instead been moving at 70 mph, and started decelerating at the same place
and at the same rate, with what speed would it have hit the obstacle?

(A) 10 mph
(B) 14 mph
(C) 28 mph

@ 36 mph

(E) There is not enough information to decide.

For an object decelerating at a constant rate a over a distance d, the initial and final velocities, vy and v;,
are related by vj% = v? — 2ad. In the case where the car was traveling with an initial speed v; = 60 mph,

this equation gives v% = 2ad. In the case where the car was traveling with an initial speed vy = 70 mph,
this equation gives UJ% = v3 — 2ad. Thus, vj% = v3 — v}, or vy = V702 — 602 ~ 36 mph.

3. Two blocks of mass m have an inelastic one-dimensional collision. Initially, the first block is moving with
speed 5 m/s, and the second is at rest. After the collision, the first block is moving with speed 2 m/s.
What percentage of the system’s original kinetic energy was lost during the collision?

(A) 16% (B) 42% 48% (D) 52% (E) 84%

We must consider two cases: either the first block is traveling in the same direction as before, or in the
opposite direction. If it is traveling in the opposite direction, the other block must have speed 7 m/s by
momentum conservation, so the kinetic energy is higher than before the collision, which is impossible.
Therefore, the other block has speed 3 m/s, so the fraction of energy lost is (5% — 22 — 32)/5? = 48%.

4. A mass on an ideal pendulum is released from rest at point I. It swings over to point II, at which point
the string suddenly breaks. Which of the following shows the trajectory of the mass?
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When the string breaks, the mass has zero velocity by energy conservation, so it just falls straight down.
Thus, the answer is (B).

. A uniform solid ball with mass m = 1 kg and radius R = 10 cm rolls without slipping on a horizontal
plane, so that its center of mass has velocity v = 1 m/s. What is the ball’s total kinetic energy?

(A) 0.2 (B) 0.5 J 0.7J (D) 1J (E) 147

The translational kinetic energy is %va = 0.5J. The rotational kinetic energy is %I w?, where I = %mR2
is the moment of inertia of a uniform ball. Using w = v/r gives a rotational kinetic energy of %va =0.2J,
for a total of 0.7 J.

. A bob of mass m hangs from a rigid, massless rod, forming an ideal pendulum. The rod is held horizontally
and released from rest. What is its maximum tension during its swing?

(4) mg () Smg (©) 2mg (D] 3mg (E) 41mg

The maximum tension occurs at the bottom of the swing. If the pendulum has length ¢, then by energy

conservation,
2

— = mg/.
9 g
Thus, the centripetal acceleration at the bottom is
2
mu
—— = 2mg.
1 g

The tension plus the weight together provide this centripetal acceleration, so the tension is 3mg.

. The following graph shows the results of measurements of two physical quantities, y and x. What is the
following best describes the functional dependence of y on 7 Below, A and B are positive constants.
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The plot shows a linear relationship between z and log y, which means that y is an exponential in z. Since
y decreases as x increases, the asnwer must be (E).

8. A block of mass m is placed on a wedge of mass m, inclined at an angle 6 to the horizontal.

The coefficients of friction between the block and wedge, and the wedge and ground, are high enough for
both the block and the wedge to remain static. What is the magnitude of the friction force of the ground
on the wedge?

(A) mgsinf (B) mgcosé (C) mgsinfcosf (D) mgtand 0

Gravity exerts a force mg downward on the block, which means that the wedge must exert a force mg
upward on the block. Thus, the block exerts a force mg downward on the wedge, and gravity also exerts
a force mg downward on the wedge. Since these forces have no horizontal components, no friction with
the ground is necessary to keep the wedge static.

9. A person is holding a massless rope, on which hangs a mass m, as shown at left. To pull the end of the
rope with constant upward velocity v, the person must exert a force F;. To pull the end of the rope with
constant upward acceleration a, the person must exert a force F,. Now the rope is wrapped around a
fixed, massless pulley, and the mass is doubled to 2m, as shown at right.
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Compared to the original setup, how do the forces F, and F, needed to pull the end of the rope with a
given upward velocity and acceleration change? In both cases, ignore friction and air resistance.

F, stays the same, and F, decreases.
(B) Both F, and Fj, stay the same.

(C) F, stays the same, and F, increases.
(D) F, increases, and Fj stays the same.
(E) Both F, and F, increase.

To pull the rope with constant velocity, the forces on the mass must be balanced, which means F, = mg
originally, and F, = 2mg/2 = mg with the pulley, so F, stays the same. In the original setup, the
acceleration of the mass must be a, so we have F, = m(g + a). With the pulley, the acceleration
of the mass only needs to be a/2, and furthermore any extra force acting on it is doubled. We have
2m(g + a/2) = 2F,, which means F, = m(g + a/2), which is smaller than before.

The two ends of a uniform rod of length 2L are hung on massless strings of length L.

2\ \s

2L

If the strings are attached to the ceiling, and the rod is pulled a small distance horizontally and released
as shown, what is the period of oscillation?

27r\/§ (B) zw\/g (C) 27r\/g (D) 2 sz (E) ZW\/Z

The sum of the tension forces on this pendulum act exactly like the tension force on an ordinary pendulum
of length L. Thus, the period of oscillation must still be 2ry/L/g. (Unlike a physical pendulum, the
moment of inertia of the rod doesn’t matter, because it never rotates about its center.)

Two identical spherically symmetric planets, each of mass M, are somehow held at rest with respect to
each other. Each planet has radius R, and the distance between the centers of the planets is 4R. If a
rocket is launched from the surface of one planet with speed v, what is the minimum speed v so that the
rocket can reach the other planet?
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The gravitational force vanishes at the midway point between the planets, so the rocket only needs to
have enough energy to get there. The initial and final gravitational potential energies are

GMm_GMm_ Z_lGMm _2GMm_ GMm

U, = — = — Ur = =
' R 3R 3 R = 2R R
Thus, the initial kinetic energy needed is
1 GMm
§mU2:Uf—UZ:W
which implies
2GM

v = e

3R’

A pulley is constructed by attaching two concentric cylinders, with the larger cylinder having twice the
radius. Ropes are wrapped around both cylinders, a mass m is hung from each rope, and the system is
released from rest.

Neglect the masses of the cylinders and ropes. Each mass experiences both a gravitational and a tension
force. If the net force experienced by the left mass is F}, and the net force experienced by the right mass
is Fy, what is the ratio Fy/F}?

(A) (B) (€)1 [D] 2 (E) 4

B~ =
NN

This unusual pulley is called a windlass. Since a = Ra and the right mass is wound around a cylinder of
twice the radius, the right mass has twice the acceleration. Since F' = ma, we have Fy/F) = 2.

Consider a laptop made of two identical uniform plates, each of mass m/2, connected by a hinge. The
hinge is locked when the screen makes an angle 6 to the vertical, as shown, fixing the angle between the
two pieces.
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Assuming the laptop does not slip, what is the minimum force that can be exerted on the top of the
laptop, in the plane of the page, to cause the bottom of the laptop to lift off the ground?

(A) mg(1 ; sin 0) (B) mg(00892—|— sin ) mg(1 ; sin 6)
mg(1l +siné mg(cos 0 + sin 0

When the bottom of the laptop is about to lift off, the normal force is concentrated at the hinge, so we
take torques about that point. If the plates have length ¢, the net torque due to gravity is (mg/2)(¢/2 —
(¢/2)sin @), while the torque due to the applied force is F'¢. Therefore, F' = (mg/4)(1 — sin#).

A small block is released from rest on the rim of a fixed, frictionless hemispherical bowl.

From the time the block is released, until it reaches the bottom of the bowl, which of the following is true?

I. The speed of the block never decreases.
II. The magnitude of the horizontal component of the velocity of the block never decreases.

III. The magnitude of the vertical component of the velocity of the block never decreases.

(A) Only 1. (B) Only I1I. I and IL (D) T and III. (E) I, 11, and III.

Choice III isn’t true, because the vertical velocity starts at zero and ends at zero, so its magnitude must
increase and then decrease. Choice I is true because the block is never moving upward, so its potential
energy never increases. Choice II is true because the only horizontal force the block experiences is the
horizontal component of the normal force, which never points to the left.

An egg is launched with speed v from the ground, a distance d from a vertical wall.
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If v is high enough for the egg to hit the wall, which of the following could describe the angle 6 that
maximizes the height h at which the egg hits the wall?

2
d (D) cosf = 9d (E) sin26 = =

. v2 v? . g
(A) sinf = v tanf = — (C) sin20 = 2 4

gd 202
This problem is meant to be solved with limiting cases. When v — oo, we should have § — 90°. This
rules out choices (A) and (E). When v? = gd, it is just barely possible to hit the wall at all, and the
projectile must be launched at § = 45° to do this. This rules out choices (C) and (D), leaving choice (B).

A hexagonal pencil of uniform density lies at rest on a horizontal table. It is pushed horizontally with a
steadily increasing force halfway up its height, as shown.

What is the minimum value of the coeflicient of static friction between the floor and pencil, so that the
pencil will eventually begin to roll?

=

(4) 0 (®) (©) D] “33 (B)

W =
N

If the pencil is about to start rolling, the normal force on it will be concentrated at the far end of the
pencil. Taking torques about this point, the torque of the applied force must balance the torque due to
gravity. If the pencil has side length r, then this implies mg(r/2) = F(v/37/2), which implies F = mg/+/3.
For the pencil to be able to roll, the pencil must not be slipping at this point, which implies pus > 1/ V3.

A thin rod has a nonuniform density. It is mounted on an axle passing perpendicular to it, through its
center of mass, as shown, and is then rotated about the axle.

The axle divides the rod into two parts, one on each side of it. Which of the following must be true, no
matter how the mass in the rod is distributed?

(A) The two parts have the same mass.

The magnitudes of the momenta of the two parts are equal.

(C) The magnitudes of the angular momenta of the two parts, about the center of mass, are equal.
(D) The kinetic energies of the two parts are equal.

(E) At least two of the above are true.
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For simplicity, let’s suppose the rod is made of discrete masses, though the reasoning is exactly the same
if the rod is continuous. By the definition of the center of mass, if r; is the distance of mass m; from the

center of mass, then
E m;r; = E m;r;.
i left iright

The total mass, momentum, angular momentum, and kinetic energy are
. B — - JP— 2 Ww2/2 = (W2 /2 2
m;, miv; = w mgri, MVT; = W mry, mv; /2 = (w*/2) mr; .

Only the momentum has the sum of the same form, so the magnitudes of the momenta are equal, and in
general none of the other quantities are equal. (Another easy way to tell that the momenta are equal is
that they must be opposite, because we know the total momentum of the rod is zero.)

A cylindrical piece of cork of density p., height h., and cross-sectional area A. is in a larger empty
cylindrical container of cross-sectional area A,,. Water of density p,, > p. is slowly poured into the empty
container. What is the height of the water in the container when the cork starts to float?

hepeAe hepe hepw hepeAe hepe Al
A [B] C D) — < _ (E ¢
( ) prw Pw ( ) Pc ( ) pw(Aw - Ac) ( ) pr?U

We will show two alternative solutions.

Archimedes’ principle: The weight of the water displaced has to equal the weight of the cork for the cork
to start floating. If the height of the water in the container is H, then the weight of the displaced water is

pwgAcH.
The weight of the cork is
pcgAh.
Therefore, we require
g Pt
Pw

Energy: The cork will start floating once the potential energy increase from adding water with the cork
touching the bottom of the container is larger than the potential energy increase from the cork floating.
Suppose we add a volume of water AV to the container, when the water level is already H. The former

costs energy
Erno float = prVgI—L

The latter costs energy
Efoat = pcAchgAs = p. AV gh,

where As = AV/A, is the rise in the cork’s height. Equating the two energies gives us the same result:
H = pch/pw.
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A toy elephant is standing on the bottom of a fish tank. The fish tank is filled with water to a depth of
10 cm, completely covering the toy. The elephant’s legs are perfectly polished, so that there is no water
between the bottom of the legs and the tank’s floor, and the total area of contact is 0.16 cm?. The water
has density p = 10%kg/m?, the toy has uniform density 2p, the atmospheric pressure is Puym = 10° Pa,
and the toy has total mass 120 g. What is the total hydrostatic force that the water exerts on the toy?

10 cm

1 N, down (B) 0.6 N, down (C)ON (D) 0.6 N, up (E) 1 N, up

If the elephant’s legs weren’t perfectly polished, then the buoyant force would be equal to the weight of
the water displaced. Since the elephant’s density is twice that as water, the force would be mg/2 = 0.6 N
upward.

However, since the elephant’s legs perfectly contact the floor, they experience no upward hydrostatic
pressure. Therefore, we should subtract an upward force pgh + PatmA =~ PatmA = 1.6 N, which means the
net hydrostatic force is 1 N downward.

A bead is threaded on a frictionless wire and launched horizontally from height h with speed vg, as shown.
If the shape of the wire is steep, as in curve I, then the normal force from the wire on the bead will point
inward. If it is shallow, as in curve II, then the normal force will point outward.

A
~
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There is exactly one possible shape of wire, shown as a dotted line, for which the normal force of the wire
on the bead is always equal to zero. What is the horizontal displacement d of the bead when it travels
along this wire?

(A) vo %g UOﬁ (©) UO\/Z (D) vo 21; (E) vo 4hg

If the normal force always vanishes, then the bead is only experiencing gravity. In other words, it behaves
just like a projectile, and the corresponding shape of the wire is a parabola. The bead travels for a time

t = +/2h/g, so the horizontal displacement is vot = vo\/2h/g.

A cork floating in a cup filled with a viscous fluid is placed in an elevator. Below is a plot of the velocity v
of the elevator as a function of time t. Which of the following plots best describes the height h of the cork
in the cup as a function of time? Assume that the fluid is viscous enough to dampen all oscillations, that
the fluid does not slosh as the elevator accelerates, and that both the cork and fluid are incompressible.

t
h h h
I NG %
—
(A) t  (B) t (O t
h h

(D) t t

By Archimedes’ principle, the fraction submerged only depends on the ratio of densities between the cork
and the fluid, so the answer is (E).

The statement of Archimedes’ principle is that the buoyant force is equal to the weight of the water
displaced, and the cork floats when its weight equals the buoyant force. The elevator’s acceleration affects
the buoyant force and cork weight equally in the noninertial frame of the elevator (both forces are weights),
so the fraction submerged does not change.
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A block of mass 2m is placed symmetrically on two identical wedges of mass m, as shown.

2m

All surfaces are frictionless, and the wedges have angle 6 to the vertical. If the system is released from
rest, what is the downward acceleration of the block?

(A) gsinf (B) gsin(260) (C) gcosb (D) gcos(20) gcos? 6

If the block is moving down with speed v, then the wedges need to be moving with speed vtanf. This
means the total kinetic energy is

9 1 2m 4

1 , 1
K:§(2m)v +2§m(vtan9) = 5ozg?

This is the same energy as an object of mass meg = 2m/ cos? @ would have alone. But when the block
moves down by an amount Ah, a gravitational potential energy 2mgAh = meg(gcos® 0)Ah is released.
Thus, the acceleration is g cos? 6.

For objects moving through air, the force of air resistance can be modeled as proportional to the speed
(“linear drag”) or proportional to the square of the speed (“quadratic drag”), depending on the circum-
stances. Two identical objects, A and B, are dropped from the same height A simultaneously, but object
A is given an initial horizontal velocity v. The objects hit the ground at times t4 and tp. Accounting for
air resistance, which of the following is true?

(A) For both linear drag and quadratic drag, t4 = tp.

(B) For linear drag, t4 > tp, while for quadratic drag, t4 = tp.

For linear drag, t4 = tp, while for quadratic drag, t4 > tg.

(D) For both linear drag and quadratic drag, t4 > tp.

(E) For both linear drag and quadratic drag, the answer depends on v and h.

For linear drag, the horizontal and vertical components of the motion are completely independent,

az = —bvgy, ay=—g— by

for some drag coefficient b. That means the time to hit the ground, which depends on the vertical motion,
is independent of the initial horizontal velocity, so t4 = tg. On the other hand, for quadratic drag,

ay = —g — buy|v|

which means the upward drag force is larger when the horizontal velocity is larger, so t4 > tp.
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A satellite is in orbit around a planet of mass M. Its maximum distance from the center of the planet is

d, and at this point, it is traveling at a speed of % %. What is the area of the satellite’s orbit?

8 /2 » 41 1\F 2 8\f 2 2\F >
(A) 1o/ 72 7 7\/;7rd (€) 5y/5 7 (D) 24/ md (B) 24/5md

This problem can be solved in many ways; we will show two alternative solutions.

Geometry: By conserving angular momentum and energy, we find that the distance of closest approach
to the planet is d/7. By the basic geometrical properties of ellipses, the semimajor axis is a = 4d/7 and
the semiminor axis is b = d/ /7. The area of an ellipse is mab = 4wd? / V7.

Kepler’s laws: By the vis-viva equation (or by the same steps as in the previous solution), the semimajor
axis is @ = 4d/7. By Kepler’s third law, the period T obeys T2 = 42 %. Finally, by Kepler’s
second law, the satellite sweeps out area at a constant rate, which is initially dA/dt = vd/2 = }1 GMd.
Therefore,

dt 77

A cylinder is placed with its axis vertical, and a rubber band of mass m and tension T is wrapped
horizontally around it. What is the minimum coefficient of static friction pu between the rubber band and
the cylinder such that the band will not slide down the cylinder?

2

mg mg dmg 2mmg 2m?g
T (B) 7 (©) = (D) = (B) =~

Suppose the band has area A and normal force exerts a pressure P outward on the band. Imagine
expanding the band slightly, so its radius increases by a small amount Ar. The volume enclosed by the
band increases by AAr, whereas its length increases by 2wrAr. But because the band is in mechanical
equilibrium, the total work done

W =PAAr —T - 2nAr

must be zero. Thus the outward pressure is

Now, focus on any small patch of the band of area A,. Because the band is uniform, the weight of this
patch is proportional to its area:

A
Fy = mng

The normal force on the patch is PA,, so the force of static friction satisfies
A

Fr <p-27T-E

fSHpeemi =

Thus static friction can balance gravity (Fy = Fy) if

> —.
M= onT
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