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Dark Matter

A. Cluster of Galaxies

T1

Question A.1

o Answer

Potential energy for a system of a spherical object with mass

4
M (r)=—xr’p and a test particle with mass dm at a distance r is given by

M(r)

dU =-G- dm

7

0.2 pts

Thus for a sphere of radius R

& M(r)
J = — E
U , G

3
i ’047zr2pdr _16 Gﬁ2p2JR1”4dr
r 3 0

dm:—j:c; .

¥

:_lgGﬁ,?szS
15

0.6 pts

Then using the total mass of the system

4
Mzgm’@p

we have

0.2 pts

Total | 10pts
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Question A.2

Using the Doppler Effect,

fi=fmer £,0-8)

i 0 1'1“,8 J0 ’
whereﬂ = v/c and v << ¢ . Thus the i-th galaxy moving away (radial) speed
is
f‘ B fo -
V. =--—c
£, 0.2 pts

Alternative without approximation:

All the galaxies in the galaxy cluster will be moving away together due to the
cosmological expansion. Thus the average moving away speed of the N
galaxies in the cluster is

SNy
=SR-3 L),

Alternative without approximation:

B

IS
=\ Ji Jo o\

=

0.3 pts
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Question A.3

The galaxy moving away speed V., in part A. 2 is on!y one component of the

three component of the galaxy velocity. Thus the average square speed of each
galaxy with respect to the center of the cluster is

IG5 2 13 2 2 2
W;(V’_VL) :W;(V;1_V\c) +(Vw_VVL) +(V;14Kc) 0.5 pts

Due to isotropic assumption

N

NG BEES WA}

1

And thus the root mean square of the galaxy speed with respect to the cluster
center is

~\/ Z(V,,— —«\/WZ(V S, 4V = \/—%(ZV}—
o]
Yo (N;fo N; 0.7 pts

LB 1S L5 ) b,
- [Nz(f zmmj [{NZJ?} N;ﬁﬂ‘oJ

\’\

i=1 i=1

foN\/( Zf) (Zf)

Alternative without approximation:
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N*Z f; N LT fh

N m 0.3 pts

Total | 1.5 pts
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Question A.4

Aﬁswer

The time average of a’l"/df vanishes
<dr> 0
dt
Now 0.6 pts
ar _d dr;
= —-l + ).
g dr Z Z b

:ZE-I;+Z/7ZI,VI,-VI,:ZE'¢ +2K
1 i i

Where K is the total kinetic energy of the system. Since the gravitational force on
i-th particle comes from its interaction with other particles then

ZF r—z /’*ZF - ZF I—ZF ZF

i,j#i i<y > i<j i<j
o mm, —r) mm,
R R ¢ Yo
JiooMi ~ F —
i<j i<j ]’ - l ’,’ /" i<j ]

Alternative proof:
0.9 pts

ZF T = ZF]l 7”1—1:21 7’1+F31 T1+F41 ot +FNl 7+

i,j#i
Fip?y + Fay By 4 Epy By 4 o+ Fyg By +

| Fig s + Fog. T + Fyg.Ba + -4 Fys By +

Fin. Ty + Fon. Ny + Fo. Py + -+ Fynoq. Fya

Collecting terms and noting that ﬁij = —ﬁﬁ we have
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Fio.(Fy = 7)) + Fiz3. (3 — 7)) + Fig. (1, — 1) + -+ Fpg. (5 — 75)

+ F24. (?4, _772) + M + F34. (Fé} —‘7_’:3) + e = Z F:”.(

i<j
:_ZG mimj (fi_Fj
P W el

i<j il

i —7)

Thus we have

dl’

—=U+2K
dt
Jr 0.2 pts
And by taking its time average we obtain<7:U+2K> =0 and thus
t 13
1 1
<K> :f~<U> . Thereforey =—.
! 2 2
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Question A.5

o Anewer

Using Virial theorem, and since the dark matter has the same root mean square
speed as the galaxy, then we have

GM’*
R

13
2 rins 2 5

0.3 pts

From which we have

0.1 pts

And the dark matter mass is then

2
SRv!
_ rms
dm - N m g
3G

0.1 pts

Total

0.5pts
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B. Dark Matter in a Galaxy

Question B.1

. kAryzswér e g Ma‘riﬁs'

Answer B.1: The gravitational attraction for a particle at a distance r from
the center of the sphere comes only from particles inside a spherical
volume of radius r. For particle inside the sphere with massm_, assuming

the particle is orbiting the center of mass in a circular orbit, we have 0.3 pts

2
m'(rym, _ M

2
r ¥V

with m'(r) is the total mass inside a sphere of radius

4
m'(r) =—mr-mn
o]

Thus we have 0.2 pts
1/2
4
v(r)= (#———ﬂinm‘ ) r

While for particle outside the sphere, we have

3r

3\1/2 0.2 pts
(472Gnm R J
vr)y=| ————
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The sketch is given below

vir}
/N
/f \\
/ 0.1 pts
{/i \\
]/ T
f/; \\*
R r
Sketch of the rotation velocity vs distance from the center of galaxy
: ~ Total | 0.8 pts
Question B.2
 Answer Marks
The total mass can be inferred from
I77‘<Rg )l/)l_‘ nq.\ \;g
R’ R,
Thus 0.5 pts
' VgRg
my, =m'(R,) = =
 Toul | 05pts
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Question B.3

Answer e o | Marks

Base on the previous answer in B.1, if the mass of the galaxy comes only
from the visible stars, then the galaxy rotation curve should fall

proportional to l/\/; on the outside at a distance r> R, . But in the figure
of problem b) the curve remain constant after r > R, , we can infer from

1 2
G m'(rym, _ My ' 0.3 pts

2
r ¥

to make v(r) constant, then m'(r) should be proportional to r forr > R,

i.e.forr>R,, m'(r) = Ar with 4 is a constant.

While forr < R_, to obtain a linear plot proportional tor, then m'(r)

should be proportional tor*, i.e. m'(r) = Br’. 0.3 pts

Thus for r < Rg we have

m'(r) = jpl (rY4m" dr'= Br’
0

N 5 0.2 pts
dm'(r)y= p,(r)4m dr =3Br dr
) 3B
Thus total mass density p, (r) = —
v
Rg "B m Vz
i, = ff——émr'2 dr' = BR;orB: =2
o 4 R, GR,”
32 0.2 pts
Thus the dark matter mass density p(r) = —e nm,
47GR,’ '

Page 10 of 14



Solutions/
Marking Scheme

1

TR OF
EDUTA TN AND UL TURE

While for » > K, we have

tooN Ry ' 12 1 4 ] 12 1
m'(r) 7J‘o o(rYdm' dr +L P4 dr' = Ar

m'(r) =m, + L; p(r 4w dr' = Ar

[ PO dr = dr =M,

> A
p(r)dmr® =4, o0r p(r) = 2

5 -
r

0.2 pts

Now to find the constant A.

A 5
[ ~—=54m" dr'= A(r—=R,) = Ar - m,
R4 " °

2
Thus AR, = myand A4 = Yo
) G

We can also find A from the following

! 2 2
m'(r)m, Arm_ . my v
S =Gt =0 thusd=-2.

r r 7

Thus the dark matter mass density (which is also the total mass density

since nzOforrZRg.

P
Yo

AnGr?

p(r) = forr= R,

0.3 pts

“Total

: 1.Sipfs

Page 11 of 14




Solutions/
Marking Scheme

T1

C. Interstellar Gas and Dark Matter

Question C.1

Answer e . 2o - Marks
Consider a very small volume of a disk with area A and thickness Ar, see Fig.1
¢P(r+a‘r}
bar
Plr)
;
0.3 pts
| alr) P
Figure 1. Hydrostatic equilibrium
In hydrostatic equilibrium we have
(P(r)—P(r+Ar))A—pg(r)AAr =0
AP Gm'(r)
— = _._p 5
Ar r
0.2 pts
di __5 sz(r) = —n(r)m, sz(r) .
dr F r
05pts
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Question C.2

Answer. = L e s M

Using the ideal gas law P = n kT where n = N/V where n is the number
density, we have
ﬁ: T dn(r)

dr dr

+ kn(r) izz =-n(r)m, ___Gm2 ()
dr r

Thus we have 0.5 pts

' (r) = kT | +° dn(r)+ r’dT(r)
n(r)y dr T(ry dr )

P

~ Total| 05pts.
Question C.3
If we have isothermal distribution, we have d7/dr =0 and
kT -2 d,
m'(r) = ——2 r._dn(r) 0.2 pts
Gm,\ n(r) dr
From information about interstellar gas number density, we have
1 dn(r) B 3r+p
n(r) dr r(r+f)
Thus we have 0.2 pts
k -
m'(r)= j‘T(,r —3} R
Gm , (r+f3)
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Mass density of the interstellar gas is

( ) CZ:’?Z])
ry=—r-——
P r(B+r)
Thus
i KL,y 3r+f 0.3 pts
I’}’l'(l’) - (pg (i"') + p:/m (}" ))472}"2 df": ¢
'([ Gmp (r+ /)
f om T )
/7’1'(}‘) :JA _—I—}— _+_10/‘7]” (}ﬂ')w4m‘y2 CZ}"': __O_}i 3} +ﬂ
o\ By ) Gm, (r+f)
ant N A, TN fZ a3
[—IZ—? + pz/)ll (f")\4727‘4 = - 70 o+ 61/‘5’5 ﬂ
F(IB+F) ) J (Jmp (1/—|—18)‘
) kT, 37+ orf+ [ am, 0.3 pts
Fy= L
pdm 47[(;”/1[7 (},‘+ﬂ)ZIﬂL [’(ﬁ—l—r)z
Total | 1.0 pts
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