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1999 Semi-Final Exam
Part A - Solutions

Al a Let Mg=5.0N = weight of the crate
h = 2.0 m = the mnitial height of the crate
h' = maximum height the crate reaches on the night hand side
s = distance traveled along the rough plane to highest pomnt.
x = maximum compression of the spring

A’ = ssin30° :5'(_%) s=2h'
S|
x:s—[ i_:}"m =s—Ilm=2h"-1m
sin 3"

To tind the final height i, apply the work energy theorem
b”- + L"I-T T L‘Frj +W

Mgh' + ot = Mgh—u, Fys
F, = Mgcos30° = Mg *”/
Meh' + Y k(20" =1)" = Mgh - [ /—]kM'g - }(2}:*)
Mgh'+ Y, k(2h' - 1) — Mgh - Mgh’
2Mgh'+ Vi k(20 =1)" = Mgh

25N + %(ZUN / :}1){2!}' - !)2 = [5 N)(Zm)

h + (Eh’ - 1)_ =] where A’ is in meters
Ah' —3h' =0
Since &' can't be zero h' = ( 3’/)rn
/4
b. Initially it has Mgh=(5N)2m)=10J  oftotal mechanical energy.

Sliding up to the highest point on the nght hand side, the crate loses total mechanical energy

i, Fys = 1, (MgeosB)(2h') = (1fx' ) { /2)(2!:)
= Mgh' = (5NX0.75m)=3.75S

-



(Note: On the first tnip up the plane, the crate reached the spring which provided an additional
force of kx down the plane. At maximum extension this force 15 10 N, sutficient to overcome
stabie friction.)

Shding back down it loses another 3.75 1 of total mechanical energy. Therefore it has

10/ - 2(3.750) = 2.5J

at the bottom of the right hand plane. The total mechanical energy remains unchanged until the
crate returns to the right hand plane and begins to slide up 1. Using our prior result that as the
crate shdes up the plane
H, Fys= Mgh'

That is, as the crate nises half the kinetic energy becomes potential and half is dissipated by
triction, it will rise to a height given by

(Vi)N2.57) = Mgh’ = (5N A’
or ' =025m

[t stops before it reaches the spring. At this point, the only rwo forces acting on the crate are the
gravitational foree and the fricnonal force. The component of the weight parallel to the plane is

Fg = Mgsin30” = (SN)(}4) =2.5N  down the plane. the
maxmmum force of static friction is
o =t Mgeos30” = (}'{5)[5’\,][”3/;) =3.1N
Fo < f
The crate comes to rest a height 0.25m up the nght hand plane. [t has slid down the smooth
plane, up the rough plane, temporarily compressing the spring, back down the rough plane,

across the honzontal surface. up and down the smooth plane, back across the honizontal surface,
and up the rough plane a second time before 1t finally stops.

SImax

A2, Assume a charge of Qralx=d
along the x-axis. The total potential a ¥
distance ¢ from the origin is

V =k % + ,{-i {1
2 RI
where k 15 Coulomb’s constant and &,
and R can be found using the law of
COSIMES.

Ry = Vb —2bccos@ +c’

and

R, =\d? —2dccos8 +¢*.
Smmee VY =10,

0=kLrd

2 III;".1



o, i

Theretore _ =

R, R
This must be true for all points a distance ¢ from the origin, In particular atB=0o0rx = 40 we
¢ q 5
have T e WA S o (<)
-4 -9
> 4
At8=180"=1 orx=-cwe have Q" — = — / - RY
(c+d) (b+c)
Solving equations (2) and (3) simultaneously for ¢ and 4, we have
£ f.‘:
) =——q at d=—
7 A f b

Subsututing  into K, we have
o L

R, = xlll(i';/;)z = 2('1‘1/}-::05\9 +¢t = (}z;]wltz —2bccosB+ bt = ( VF]RI_

= /b /b
for any angle #, i.e. any point a distance ¢ from the ongin.  Substituting ¢; and £ into (1),

V:kﬂﬁi =
(c/b)R, R

A3. a. The path difference AL between wave through
adjacent slits is Al =dsm@,

2r s, -
The phase difference §is & = Tﬂl = Tff sinf

; ) o d
b. ¥, = Asinfax + ¢ )
where o = 2nrf, {15 the frequency of the wave and ¢ 15 a
constant that is independent of the wave {may be set to
zerol.

A

AL

¥, = Asin(ﬁm + d})
‘Y, = Asin(rm + ¢;+5}

{or any equivalent set with phase shifts differing by 8).

c. WMl
W= Asin([mt +¢fl]—5)+ Asin(ﬂ.k‘ +¢|] - Asin([m.r +¢|)+5]
W= A[sin(mr + qz)]ccrsé — sin c‘icos(mr + .;!})] + Asin(mf + Q'})

+A[5in(mr + a}cosﬁ + sin Scos(ﬂh’ F ﬂﬁ]]
W= A(| + ECUS(S)Siﬂ(H + ':Ij) = Arﬂ' Sil’l(&f 3 ¢J

With the resultant amplitude A, = .4(] + 2C055]

- 3.



d. The intensity 1$ proportional to the amplitude squared. Calling the constant of proportionality

¢, we have f(ﬁ:l = {‘,42(1 +2cos §)h.
At@=0,8=0cos = 1| £ ={34:(1+2)h =9¢cA4”,
[ ¢ 2
Eliminating ¢ from the /(8 equation I(H) 2 j{l +2¢0s 5) .
e. Inorder for {78} =0 [+2cosd=0
or cosd =~  or & =120° =21/
2r 2m .
— = —d sind
3 A
o =
or # =smin '(—"
\ 3d

Ad, The only torque acting on the system 1s due to the gravitagtional force.

loo=Y T=(M+m)gRsing
(M * m]gR
{

6=w'0

H

For small angles (44

We will use the parallel axis theorem to find the moment of inertia of the sytem. Swinging in the
plane of the bob, pivot on rim

‘!mr = !.l'irrgrm t ‘ItfRz + / + J’HRE

= MR? + MR® + )f,m{2R)" +mR* =(2M + ¥ m) R’

Swinging perpendicular to the bob, we expect the extreme cases to be rod honzontal and rod
vertical

roedom

vertical: [, , = %HIRE horizontal: /. = mR’
For the ring: Ling = Lungem + MR? = V, MR® + MR* = ¥, MR’
vertical: Fo =%;WR2 + %ij & (% .-’l/f+4/j/m]Rl
honzontal; Lt = }42 MR + mR’ = Uf; M+ m)Rz
The maximum period occurs when o is smallest or / is largest. Since [, 2/, =21, ,

the maximum period occurs when it swings in the plane of the bob. The minimum peniod occurs
when it swings perpendicular to the plane of the bob and the wire is horizontal.

T W |'2 M+ % m s

{
Max (11X — | 4

4l | 37 Y A
T‘nin 1” Jrr‘mn ‘V *}3 ‘IIVI +m
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Part B - Solutions

Bl.

EHK

b
Bla. For8=45" both cos@= l/f.— and sing@= I —. The relation between the
/N2 / V2
magnitude of the angular acceleration o« and the magnitude of the linear acceleration a is
- ffm (o . i , _
a=alf2 with a =a, =0l (21!2) Using I = LT for the rotation about the hinge at

the lower end of the left rod

ML Mgl VL HL

i | - ) {&.]J
3 22 N2 2
Applying Newton's second law to the nght rod
: M3adl
Ma, =Y F, — = H (a2)
242
fwm.a -
Ma, = F, = Mg+V—F, (a3
: 242
The net torque about the center of mass of the nght rod 15
MU'a F,L VL HL
for= 2 T - = + e ()

12 242 22 22



Equations {a.1), {a.2), (a.3). and (a.4) form a set of four simultaneous equations in the four

_ , 7
unknowns H, ¥, ¢ and Fv. Solving them simultaneously for Fy, vields F,, = T Mg

b. By symmetry V = 0. Applying Newton's second law to the nght rod

Ma, =Y F, 2 (b.1) H
24/2

Mad.
;"‘/fiI % = 2 F:‘l-‘ — —_ llwg - FI-,'r Eb.‘.’.} 2;']
242 y
The net torque about the center of mass

2
=Y MUo Pyl HL oo

- 1l
12 242 2v2
Solving these three equations in unknowns #, ¢ and
Fy. Solving them simultancously for Fy, yields

5
= g Mg

¢. Considering both rods as the system so we don’t need to include the work done by the forces
H and V, PE, + PEy, = PE,, + PEy + KE;, + KEj, (c.1)

Initially the center of mass of each rod is at a height {L/2)sin 8; where 0, = 45°

PE, + PEy, = Mg-fvsin 0 + Mg%sin 6, = MgLsing,

L L .. :
Finally, PE, + PE, = Mg > sind + MgE sinf? = Mgl siné
_ PR T l 3
For each side KEJ; =—Mv +—{@° with f=—ML".
' 2 2 12

2 2 2112

For the nght rod  wgy = 0L{2)cos B ,but wve, =3 w(L/2)sin 8, 50

L (el 1{1 L
For the left rod v =wlL/2, so KELJ, e M( j + -(—— MI? ]c’uz = E ML e?.

KHR,-=1M i (C0521‘9+93i[12 H)+—1— i;"«}*‘L2 ﬂJz:MI}mj‘(l+sinzﬂ
HR 2 2012 6

Substituting all of the above into (c.1):

Mgf.sinf = MglLsinf+ MLE(:JI(% +sin’ 9]

[-d



Cir w? = ‘E(sina" i 9) - Euﬂ
L (|+35il119] L (1+35in29)

d. By symmetry, V = 0. The top of the “vee” doesn’t move horizontally so H does no work. v
=wL/2 tor both rods. Applying energy conservation to either rod

PE, = PE, + KE, {d.1)
. : 1 L .
with PE, = MgE sin @, and PE, = MgEsmH (d.2)
For either side KE; = l My + l fw®  with f= L Mi®
%P 2 12

WY 11, -

With v =wl2,s0 KE, = Li L Y —| — ML ! =— ML’ (d.3)
2 2 2112 b

Combining equations (d.1). (d.2), and (d.3). yields

; .
Mgl sin8, = MglLsin@ + E ML w*

Or w° ="2{sinf -sin@)=—"=| V., —sinf
L ( ' ) 3 (AE )
dd
B2. a. Using Faraday’s Law E=—W with b= BA

Let 8 be the angle the magnetic field boundary makes with spoke cd shown in the diagram

below., Then

And




This is the emf induced in the circuit branch cd. By symmetry the currents to the left of ed equal
those to the right of ed. 1 = 0, Since no current branches off at b, [, =1, = . The potential drop
between point points a and ¢ must be independent of path, so

Ri,=RI+ RI and 1, =27
At pont a the total current in must equal the total current out, so Ly =2I+1=3/
And finally at point I, =3{+3I=6{
For loop acda E=—())Br, =6IR+3IR+2IR=11IR
I Br
Or
72 R

with the current directions and magnitudes in terms of [ shown in the above diagram.

5 p=Y FR= H{(m): +2(31) +2(21)" +4{1) }

P=1"R36+18+8+4)=66/"R

2

4 5
1 Br @ 3 B @
P =66 — ===
22 R 22 R
g P=1w
4
_ o P 3 B w
T and o are in the opposite direction, so I=—=-——=
w 22 R
T s the only torque :31.4:(1:*.5r 50
T 3 B’ v,
==
F B ;“fe

o

[ts direction i1s opposite to .

d. The emf determined in Part a. 15
unchanged. By a treatment similar to
Part a., the currents are related as
shown in the accompanying diagram.
The sequence of current coefficients, 1,
[.2.3,5 B, 13,21, are the Fibonacci
numbers.

E= —(%)Br:m

=42IR+21IR+13IR=T6/R

| Brgzm

152 R




