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Solutions to Problems
Any correct solution should be awarded equivalent points Suggested partial-credit points are
presented in square brackets at the right margin. You may further break down the listed points
into one point increments. Ifit is clear they have done an intermediate step, they should get
credit for it even if they have not presented it For example, in 4 a., if a student wrote down
w = (Mval )/ 2mL?), they should get 6 points credit. Students should not be penalized ina

subseguent part for using the wrong answer to a previous parl, (No double jeopardy )

Points
1. a. The graph should lock like the following.

v &

Velocity vs, Time

aylo |

Both axes are labeled

Shows v=0at =0

Straight line with posituve slope from r=0to r=1,
Shows discontinuity in slope at ¢= 1,

Labels maximum velocity at v = a,f,

Shows constant velocity trom r=g, to r=2¢,
Shows discontinuity in slope at 1= 2,

Straight line with negative slope after t = 2¢,
Shows v=0at r= 3,

No spurious features shown
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{There are at least two methods that can be used to find the time at which the object returns to
the origin. These are detailed below. Students may be avwarded points from only one meihod )

b. Method I: The distance traveled is given by the area under the velocity vs. time curve. [5]
Continue the curve until the total area is zero, i.e., the area below the r-axis is equal to the area
above 1. Find the value of f at which the ohject returns to the origin either by construction or
geometrical formula. The construction method follows.

The area above the time axis is d, =2a.’. [4]
To make the area below the axis equal, extend the graph 2t bevond the zero crossing at 3t [4]
and £=21 + 31, =31, (2]

{ Studerts should be given full credit for any valid geometrical argument.}

Method II: For the interval ¢t =0 to ¢ = ty, @ = ~ap and vy = 0. The kinematic equations for

motion with constant acceleration vield

Attime ! =1, v = daly 2]

X = i2-'&(.'-".']2 ¥ [2]

These become the initial velocity and displacement for the next interval £ = f; to t = 2ty. During

this interval, 2 = 0 and vy = agfy.

Altime = 21, ¥ = doly (2]
x=xg+vo(28 — 0} =agt,’ +{at, )t =2a’. [2)

These become the initial velocity and displacement for the next interval ¢ > 2fy. During this

mterval, @ = —ay and vy = aptp.

Fort>2n, x=x, +vo(t=21)=1a,(1-21) = 2a ., + a1 -2t,) ~ (1~ 20,)° [4]
e %‘%[3% = (f - Efn}][fn +Hi- 2’%]’] = Lay(51, - 1)(t~ 1)
It returns to the origin when x ={}. This happens att = 5t (3]

The other solution is eliminated because the equation is only valid in the time interval 1 > 2#;.

2. a To find the center of mass of the star
planet system, divide the distance R into K - x
and x as shown in the diagram. Placing the
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origin at the center of mass, the general center of mass equation M X, =mx +mx,

becomes 0= Mx—oM(R- x).
. ; " . R
Solving for x, the center of star to center of mass distance. x= Ty [5]
ot
Using Newton’s Second Law to describe the star’s motion E F=Ma (2]
: ; iy ‘ MaM -
The net force 1s the universal gravitational force F=G R [3]
I Maximum of (2] if x is used in place of R}
For uniform motion in a circle of radius x about the center of mass, a = i [3]
x

{ Maximum of [2] if R is used in place of x }

1+ o)’
Substituting for x, this becomes a= % [1]

- : MaM {1+ ahv?
Combining these equations (7 7 = \{ fo} J 12]
aM (1 +ap’
Canceling common factors s = { } : 111
R X
| ]
; | oM
Solving for v = "l,llm' [1]
‘GM

To lowest order in e this is v= aﬂ;R (2] {Exact answer required

o' GM
b. Solving for R Riow—= (2]

¥
Inserting the values given with the problem
-l 1 1 2! 30
LHT=10 N m" /& 20x10™ ke
(3.0 m/s)

Converting ta A.LU. R=89x107 AU [1]

3. a. Method I: (Inertial reference frame) The accompanying
diagram shows the forces acting when the truck is accelerating to
the right. The force of static friction must be to the right to
provide the board's acceleration.

There is no acceleration in the y=-direction, so the sum of forces in
that direction must equal zero.

SF=N-mg=0. 2]
In the x-direction, Newton's Second Law yields
ZE:j'—P:nm. [2]

There is no rotation about the center of mass (the center of the
board), so the net torque about that point must equal zero. [This
is not true for ail potmts. The condition that the nel torgue must
be zero about any axis applies only when the object is in static
equilibrium, i e, not accelerating. }
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Yr=pPOAL)+ f(04L)-N(03L)=0. (3]
Solving tor P P=073N-71 .

Substituting into the Fy equation
F~{0.75N - f)=2f - 075N = ma.

The acceleration is maximum when f takes on its maximum value f = p N 2]
ma,,, =2f,, —0.7SN = 2u N - 0.75N = (2u, - 0.75)mg
or @y = (2(0.5) - 0.75)g = 0.25¢ i

a. Method II: (Accelerating reference frame attached to
truck} The accompanying diagram shows the forces
acting when the truck is accelerating to the nght. The
force of static friction must be to the right to balance the
other forces. There is no acceleration in the y-direction.
so the sum of forces in that direction must equal zero.

NFE=N-mg=0 2]
In the x-direcuon, Newton's First Law yields
YNF=f-P-ma=0. (2]

There is no retation. In this frame any axis works.
Selecting the bottom of the board.
Y 1= POSL)+ma(0.4L)~ mg(0.3L) =0 [3]
Selving for /' P=0375mg-0.50ma .
Substituting into the £ equation
f—(0375mg - 0.50ma)— ma= f—0.375mg - 0.50ma = 0.

The acceleration 1s maximum when ftakes on its maximum value f_ . =g N = me 2}
ma . =2f  ~075mg=2ume—075mg= (2;,.:_1 - [},?S)M,g
or Ay =(2(0.5) - 0.75)g = 0.25¢ (1]

{While we only present this method for Part (aj, it can be used for Parts ¢bj and (c) as well }

b. For maximum acceleration in the stopping case,
fmust be in the same direction as the acceleration.
The equations become

NE=N-mg=0 [2]

YF=f+P=ma (2]

N r=PO4L)— f(04L)-N(03L)=0 [3]
Solving for P P=075N+f

Substituting into the £, equation
FH{0TSN + f)=2f +0.75N = ma.

The acceleration 1s maximum when ftakes on its
maximum value P = LN [2)
My, = 2 fone +OTSN = 2u N + 075N = (2u, + 0.75)mg

[IsF L

or By = (200 5) +0.75)g = 1.75¢ [1]
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c. Iff =0in the Part b case, P =ma (2]
and P=075N=0.75mg (2]
Combining a=075g [1]

4. Before the collision the dumbbell is at rest and mass Af moves with velocity v. After the
collision M is at rest and the dumbbell is both translating and rotating. Let viy, equal the
translational velocity of the dumbbell center of mass and let @ equal the angular velocity of the

dumbbell about its center of mass,

The moment of inertia of the dumbbell about its center of mass is I=2mi’ [2]
Angular momentum is conserved. The imtial angular momentum of 34 about the dumbbell’s
center of mass equals the final angular momentum of the dumbbell about its center of mass.

Muv(al) = fw (3]
{ Mval, Mval Mvo
Solving for w e o SV SOK [1]
! 2ml’ 2mi.
Linear momentum is conserved. Myv=2mv_ [3]
L . My
Solving for the center of mass velocity V., = El' [1]
m
The collision is elastic, so kinetic energy 15 conserved.
Lyt =402mw  + it [3]
_ ; [ My Mva Y’
Substituting into this equation My = {Zmi i | + (Emff 5 ] [1]
_2mt ) 2mlL
E M Mrtl’l M
Simplifyi l=—+ = —(1+a?
HapiyIng 2m 2m Im ( }
2m
Therefore M= = [1]
L+
2
b If a=1 L [5]
[+1

{Immediately after the collision the lower mass m has speed v. Af and the other m are at rest.
This conserves mechanical energy, linear momentum. and angular momentum. }

If g=0 In % 5
c lf o= M—“ﬂ—m [5]

{Immediately after the collision both masses m have speed v. This conserves mechanical energy
and linear momentum. Angular momentum about the center of mass is zero in this case. }



