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Solution to A.1

The equation is easily solved if we define q̃ = q− f0/ω
2
0 for 0 < t < T0/2. The equation becomes

¨̃q + ω2
0 q̃ = 0

For T0/2 < t < T0, we may define q̄ = q + f0/ω
2
0 to obtain

¨̄q + ω2
0 q̄ = 0

Before turning on the external force f(t), the motion was given as

qt<0(t) = A sin(ω0t+ δ)

A is related to the initial energy, E = 1
2mω2

0A
2 and the other initial condition (i.e. the value

q(0)) is given by δ. For 0 < t < T0/2, the general solution is

q0<t<T0/2(t) = Ã sin(ω0t+ δ̃) + f0/ω
2
0

Equating the configuration at t = 0, we have

A sin δ = Ã sin δ̃ + f0/ω
2
0

A cos δ = Ã cos δ̃

Now we turn to the motion during T0/2 < t < T0. Then the general solution is

qT0/2<t<T0
= Ā sin(ω0t+ δ̄)− f0/ω

2
0
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And equating the configuration at t = T0/2, using ω0T0 = 2π we have

−Ã sin δ̃ + f0/ω
2
0 = −Ā sin δ̄ − f0/ω

2
0

Ã cos δ̃ = Ā cos δ̄

Now at t = T0, the position and velocity is

q(T0) = Ā sin δ̄ − f0/ω
2
0

= Ã sin δ̃ − 3f0/ω
2
0

= A sin δ − 4f0/ω
2
0 (1)

q̇(T0) = Āω0 cos δ̄

= Ãω0 cos δ̃

= Aω0 cos δ (2)

Question

part

Total

marks

Partial

marks

Explanation for partial marks and special cases

A.1 1.2 0.6 q(T0) = A sin δ − 4f0/ω
2
0 correct

0.6 q̇(T0) = Aω0 cos δ correct

Solution to A.2

The total mechanical energy is

m−1Et≥T0 =
1

2
Ā2ω2

0 cos
2 δ̄ +

1

2
ω2
0(Ā sin δ̄ − f0/ω

2
0)

2

=
1

2
Ã2ω2

0 cos
2 δ̃ +

1

2
ω2
0(Ā sin δ̄ + f0/ω

2
0)

2 − 2Āf0 sin δ̄

=
1

2
A2ω2

0 cos
2 δ +

1

2
ω2
0(Ã sin δ̃ − f0/ω

2
0)

2 − 2Āf0 sin δ̄

=
1

2
A2ω2

0 cos
2 δ +

1

2
ω2
0(Ã sin δ̃ + f0/ω

2
0)

2 − 2Ãf0 sin δ̃ − 2Āf0 sin δ̄

= m−1Et≤0 − 2f0(2Ã sin δ̃ − 2f0/ω
2
0)

= m−1Et≤0 − 4f0(A sin δ − 2f0/ω
2
0)
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We thus have ∆E = −4mf0(A sin δ − 2f0/ω
2
0) = 4mf0(2f0/ω

2
0 −A sin δ).

Question

part

Total

marks

Partial

marks

Explanation for partial marks and special cases

A.2 1.2 1.2 ∆E = 4mf0(2f0/ω
2
0 −A sin δ) correct

Solution to A.3

Since ⟨sin δ⟩ = 1
2π

∫ π
−π sin θdθ = 0 and ⟨sin2 δ⟩ = 1

2π

∫ π
−π sin

2 θdθ = 1
2 ,

⟨∆E⟩ = 8mf2
0

ω2
0

⟨(∆E)2⟩ = 8m2f2
0A

2 + 64m2f4
0 /ω

4
0

Question

part

Total

marks

Partial

marks

Explanation for partial marks and special cases

A.3 1.2 0.6 ⟨∆E⟩ = 8f2
0m/ω2

0 correct

0.6 ⟨(∆E)2⟩ = 8f2
0m

2(A2 + 8f2
0 /ω

4
0) correct

Solution to B.1

Since Ṡ± = ±iω2e
±iω2tΣ± + e±iω2tΣ̇± and Ṡz = Σ̇z, the equations for Σ±,Σz are

Σ̇+ = −i(ω0 + ω2)Σ+ + iω1Σz

Σ̇− = +i(ω0 + ω2)Σ− − iω1Σz

Σ̇z =
iω1

2
(Σ+ − Σ−)
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Then there is no explicit time-dependent function any more. Using the definition Σ± = Σx±iΣy,

the above equations become

Σ̇x = (ω0 + ω2)Σy

Σ̇y = −(ω0 + ω2)Σx + ω1Σz

Σ̇z = −ω1Σy

In other words, Mx = −ω1,My = 0,Mz = −ω0 − ω2.

Question

part

Total

marks

Partial

marks

Explanation for partial marks and special cases

B.1 1.5 0.5 Mx = −ω1 correct

0.5 My = 0 correct

0.5 Mz = −ω0 − ω2 correct

Solution to B.2

As we perform rotation of the axes, the vector in the original frame has components (vx, vy, vz)

and after the rotation the same vector has coordinates (vX , vY , vZ). When the general relation is

vx = vX cosΘ+ vZ sinΘ, vy = vY , vz = −vX sinΘ+ vZ cosΘ and as we apply it to Σ⃗, we obtain

Σ̇X = MyΣZ − [Mz cosΘ +Mx sinΘ]ΣY (3)

Σ̇Y = [Mz cosΘ +Mx sinΘ]ΣX + [Mz sinΘ−Mx cosΘ]ΣZ (4)

Σ̇Z = −MyΣX + [−Mz sinΘ +Mx cosΘ]ΣY (5)

If we further substitute the answer to B.1 and express the equations using ω0, ω1, ω2 instead

of Mx,My,Mz,

Σ̇X = [(ω0 + ω2) cosΘ + ω1 sinΘ]ΣY (6)

Σ̇Y = − [(ω0 + ω2) cosΘ + ω1 sinΘ]ΣX + [−(ω0 + ω2) sinΘ + ω1 cosΘ]ΣZ (7)

Σ̇Z = [(ω0 + ω2) sinΘ− ω1 cosΘ]ΣY (8)
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Question

part

Total

marks

Partial

marks

Explanation for partial marks and special cases

B.2 0.9 0.3 The equation for Σ̇X Eq.(3) correct 0.2pt if the answer to

B.1 is already substituted and gives Eq.(6)

0.3 The equation for Σ̇Y Eq.(4) correct 0.2pt if answer to B.1 is

already substituted and gives Eq.(7)

0.3 The equation for Σ̇Z Eq.(5) correct 0.2pt if the answer to

B.1 is already substituted and gives Eq.(8)

Solution to B.3

Now we choose tanΘ = ω1/(ω0 + ω2). Then the above equation is simplified to give

Σ̇X = +ΩΣY

Σ̇Y = −ΩΣX

Σ̇Z = 0

where Ω =
√

(ω0 + ω2)2 + ω2
1.

Question

part

Total

marks

Partial

marks

Explanation for partial marks and special cases

B.3 1.0 0.5 tanΘ = ω1/(ω0 + ω2) correct

0.5 Ω =
√

(ω0 + ω2)2 + ω2
1 correct

Solution to B.4 and B.5

Since the equations for different spins (with distinct initial conditions) are all independent of each

other, we can simply solve the equations for a single spin with initial condition Sx(0) = Sy(0) = 0

and Sz(0) = µ ̸= 0.

1. Relationship for Sz
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By definition, Sz is equal to Σz, which can be expressed as:

Sz(t) = −ΣX(t) sinΘ + ΣZ(t) cosΘ (9)

2. Substituting ΣX(t) and ΣZ(t)

Applying the initial conditions Sz(0) = µ and Sx(0) = Sy(0) = 0, the solutions to the differential

equations are:

Σ̇Z = 0 =⇒ ΣZ(t) = µ cosΘ (10)

Σ̈X = −Ω2ΣX =⇒ ΣX(t) = −µ sinΘ cos(Ωt) (11)

Substituting these two solutions into the equation from step 1 and by recalling the linearity

of the equation:

⟨Sz(t)⟩ = ⟨Sz(0)⟩
(
sin2Θcos(Ωt) + cos2Θ

)
(12)

The given condition is satisfied only if Θ = π/4 and ΩT1 = π. Since tanΘ = ω1/(ω0 + ω2) = 1,

Ω =
√

ω2
1 + (ω0 + ω2)2 =

√
2ω1. We thus have ω1T1 =

√
2π
2 .

Question

part

Total

marks

Partial

marks

Explanation for partial marks and special cases

B.4 1.5 1.5 The solution for ⟨Sz(t)⟩ Eq.(12) correct Or mathe-

matically equivalent form via the answer of B.3, e.g.
⟨Sz(0)⟩

ω2
1+(ω0+ω2)2

[
ω2
1 cos(t

√
(ω0 + ω2)2 + ω2

1) + (ω0 + ω2)
2
]

B.5 1.5 1.5 ω1T1 = π/
√
2 =

√
2π/2 correct
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